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Thermo-Elastic Formulae for the Analysis of Beams 
Stress Distributions within a Structure due to Temperature 
By W. S. Hemp,*M.A., F.R.Ae.S. 	 Gradients and their Influence on Strength and Stiffness 
THE kinetic heating associated with supersonic flight produces tem-perature gradients within the aircraft structure. These in their turn are responsible for so-called 'thermal stresses' in the components. 
The calculation of these effects falls into two stages. The first stage con-
sists in the application of the theory of heat transfer to obtain the history 
of the temperature distribution in the structure. The second stage uses this 
data to obtain distributions of stress within the structure, resulting from 
these imposed temperature gradients and proceeds to assess their influence 
on strength and stiffness. The present paper is concerned entirely with this 
second stage of the problem and derives basic formulae for the analysis 
of beam-like structures and components. The results can be applied to 
wings, fuselages, etc., on the one hand, and to linear reinforcing members 
like stringers and longerons on the other, in the same way as the usual 
theories of bending and torsion are applied in the isothermal case. 
The formulae obtained in this paper represent a generalization of the 
so-called engineering theory of bending and of the Wagner-Kappus torsion 
theory to include the effects of non-uniform temperature distribution. 
Kinematically, allowance is made for overall longitudinal extension, for 
curvature in two principal planes, for twist and for cross-sectional warping 
of the kind occurring in Saint Venant's torsion theory. Relationships 
between end load, bending moments and torques on the one hand and 
the kinematic parameters on the other are obtained, in a manner modelled 
on that of Ref. (1), by means of a 'Principle of Stationary Free Energy' 
established by the present writer in Ref. (2). These results, when combined 
with the well-known equilibrium equations for bending and torsion, con-
stitute a complete theory of the problem under consideration. Applications 
to problems of stress analysis are indicated. 
Concept of Free Energy 
The work done by the external forces during an infinitesimal change of 
state of an elastic body is not in general a complete differential. This can 
only be asserted for the total energy transfer, which includes the heat 
supplied by the surroundings. However, in the case of 'isothermal' changes, 
it is shown in books on thermodynamics (for example, Ref. (3), Chap. XVI) 
that the work done is equal to the variation of a function of state termed 
the 'Free Energy'. Denoting a typical stress component by f, the corre-
sponding strain component by e, the temperature rise from a reference 
state by 0 and the free energy per unit volume by F, we can thus write 
for any infinitesimal volume element of a body 
Effie=8F, for 80=0 
or alternatively 
(bF;)e)0=f  	 (1) 
where E is a summation over all the relevant stress and strain components. 
Eq. (1) may be used to calculate the free energy density F, apart from 
an additive function of 0, when the relations between stress and strain 
arc known. We shall apply it here to a special case of stress distribution 
appropriate to the analysis of beams. A more general formula is given 
in Ref. (2). 
Introducing a rectangular co-ordinate system 0 (x, y, z) and denoting 
stress and strain components by fxx, 	
........
and ex„, 	 e„, 
we can write for the case when stresses 'transverse' to the axis Oz are zero 
the relations 
—EH (2) 
Principle of Stationary Free Energy 
Consider an elastic body subjected to given external forces and geometric 
constraints and in a state of non-uniform temperature distribution. 
Impose upon it a virtual displacement consistent with the geometric 
constraints. 
  The resulting change in the sum of the free energy stored in 
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the body and the potential energy of the external forces will, to the first 
order of small quantities, be zero. 
If we give the external potential energy the perfectly correct, if a little 
unusual, name of free energy, we can write : 
The total free energy of the body and the external force system is stationary 
for variations of the displacement, consistent with the geometric constraints, 
with the stipulation that the external forces and the temperature distribution 
are held constant during the variation 
	 (4) 
A formal proof of theorem (4) is given in Ref. (2). 
Specification of Beam Deformation 
Consider a uniform beam referred to an axis system 0 (x, y, z) as in 
FIG. 1. The line Oz is the axis of centroids of sections and Ox, Oy are 
parallel to the principal axes of the sections. This implies that 
ffxdxdy=ffydxdy=f fxydxdy=0  
	 (5) 
The displacement components at any point of the beam are denoted by 
(u, v, w). Then the elementary theory of beams supplemented by an 
allowance for torsional warping is expressed, after the manner of Ref. (1), 
by the following equations : 
u = U(Z)—YX(Z) 
V = V (Z)+XX(Z) 
	 (6) 
= W (z) — x(dUldz)—y(dViclz)+(k(x, Y)(dxiclz) 
The quantities (U, V, W) define a translation of normal sections, which, 
in accordance with the assumptions of beam theory, also rotate as rigid 
lamina with components (—dV/dz, dU/dz, x). The final term in w gives 
the warping associated with the twist clxIdz expressed by means of Saint 
Venant's torsion function ok,* where the additive constant, normally left 
undetermined in ck, is fixed by the relation 
ficbc/xdy=0 	  (7) 
Introducing the flexural centre with co-ordinates (x5, y5) given by 
xF = — 1 
 fi4dxdy, y5=1 
 f4dxdy 	  
where 
/= f fy 2dzdy, I' =f fx 2dxdy 	  
we can introduce displacement components (U5, V5) of the 
axis by 
UF=U — y5x, VF=V+XFX 
	  
and so replace (6) by 
u = Up —(y —y,F)x 
v= VF—H(X—XF)X 
w =147— x(cILIFIdz)
— y(df751dz)±,Are(dx1dz) 
where 
4=95 —xy5+yx5 	  
* Rel. 4
.
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where E is Young's Modulus, G the shear modulus and a the coefficient 
of linear thermal expansion. Substituting from (2) in (1) and integrating 
we find 
F=4-Ee2zz+-1G(e2„+e2.)—Eae558 +F0(0)  	 (3) 
where F0 is an unknown function of 0, whose value is of no interest in the 
present application. It is to be remarked that F reduces, as it should, to 
the usual formula for 'strain energy density' when 0=0. 
(8)  
(9)  
flexural 
(10)  
(12) 














